Abstract. We consider a primordial SU (2) vector multiplet during inflation in models where quantum fluctuations of vector fields are involved in producing the curvature perturbation. Recently, a lot of attention has been paid to models populated by vector fields, given the interesting possibility of generating some level of statistical anisotropy in the cosmological perturbations. The scenario we propose is strongly motivated by the fact that, for non-Abelian gauge fields, self-interactions are responsible for generating extra terms in the cosmological correlation functions, which are naturally absent in the Abelian case. We compute these extra contributions to the bispectrum of the curvature perturbation, using the δN formula and the Schwinger-Keldysh formalism. The primordial violation of rotational invariance (due to the introduction of the SU (2) gauge multiplet) leaves its imprint on the correlation functions introducing, as expected, some degree of statistical anisotropy in our results. We calculate the non-Gaussianity parameter f N L , proving that the new contributions derived from gauge bosons self-interactions can be important, and in some cases the dominat ones. We study the shape of the bispectrum and we find that it turns out to peak in the local configuration, with an amplitude that is modulated by the preferred directions that break statistical isotropy.
Introduction
The standard cosmological model is based on the idea of inflation as driven by a single slowly-rolling scalar field whose primordial quantum fluctuations are responsible for both CMB perturbations and the large scale structures of the universe [1] . Current observations indicate that the universe on large scales is homogeneous and isotropic. The degree of deviation from this smooth background is provided by the temperature fluctuations of the CMB which are of the order of 10 −5 and are almost scale-independent [2, 3, 4, 5, 6] . The standard inflationary scenario predicts the observed power spectrum of cosmic fluctuations. On the other hand, there is still a lot of room for alternative scenarios without ruining the current agreement with observations. Alternatives include, for example, multifield models [7, 8, 9, 10, 11, 12, 13] , the curvaton scenario [14, 15, 16, 17, 18, 19] and theories with non-canonical Lagrangians as k-inflation [20, 21] , DBI inflation [22, 23] or ghost inflation [24] . So far, observations have not provided us with the precision measurements which would allow to discriminate among all these different models, but new projects, such as the Planck [25] satellite which was just launched, can potentially reach the levels of precision necessary for this purpose. One important feature of the CMB anisotropies to be decoded is the degree of non-Gaussianity [26, 27] . A random field is defined as Gaussian if all the information is contained in its two-point correlation function. In single-field, slow-roll inflation the level of non-Gaussianity is very small since the connected parts of higher order correlation functions are proportional to powers of the slow-roll parameters [28, 29, 30] . If a larger non-Gaussianity will be detected in the future, this could then rule out the minimal model. Recently another alternative to the standard inflationary scenario has attracted some attention where primordial vector fields play a non-negligible role during inflation [31, 32, 33, 34, 35, 36, 37, 38, 39, 40] . An interesting possibility is that these extra fields might be responsible for generating an observable level of non-Gaussianity [36, 38, 35] . This is not the only motivation to consider such models. First of all vector fields are present in particle physics models and that suggests that one has to include them in a theory of the early universe. This can be done without necessarily affecting current observations, for example keeping their contribution to the energy density of the universe way below the one from the inflaton. However, a peculiarity of the vector fields, which the scalar fields do not possess, is to violate rotational invariance as some observations seem to suggest. Violation of rotational invariance would affect the correlation functions introducing some degree of statistical anisotropy. The power spectrum is constrained in this sense if a single preferred direction of space is involved [41] . This is something to keep in mind for example when constucting models of vector inflation. The isotropic background expansion can be preserved to a good approximation in different ways, such as by keeping the energy density of the vector subdominant w.r.t. the one of the inflaton, or by considering the existence of many randomly oriented vectors [33] . Nevertheless, the presence of the vector fields introduces statistical anisotropy in the power spectrum and in the bispectrum as well [36] . On the other hand, no observational constraints are currently available for the two-point function if more than one preferred direction is involved. Similarly, for higher order correlators, no obervational constraints of this kind are available.
The effects of a primordial vector field on the power spectrum and bispectrum of the curvature fluctuations ζ were recently investigated in [36, 38] using the δN formalism [42, 43, 44, 45] both in vector inflation and in the vector curvaton models, and also in [35] for a model of hybrid inflation.
Up to now only primordial Abelian vector fields were considered. In this paper we wish to explore a more realistic model of gauge interactions of an SU(2) vector multiplet. The reason for considering a non-Abelian theory relies on the fact that, differently from what happens in the Abelian case, the vector field components are involved in self-interactions as described by cubic and quartic terms in the Lagrangian. Gauge self-interactions naturally produce additional contributions to the bispectrum w.r.t. the Abelian case. The computation of these new contributions represents the main purpose of our work.
The paper is organized as follows: in Section 2 we introduce the δN formula for the curvature perturbation and the Lagrangian of our system; in Section 3 we carry out the calculations of all the terms that do not require the intervention of the SchwingerKeldysh formula; in Section 4 we derive the contribution to the bispectrum that arises from gauge bosons self-interactions; in Section 5 we study the shape of the bispectrum; in Section 6 we estimate the non-Gaussianity parameter f N L ; in Section 7 we draw our conclusions. We include four Appendices: A, on background and first order perturbation equations for the gauge multiplet; B, where we derive the expression of the number of e-foldings of inflation and its derivatives in the presence of vector fields; C, which collects lengthy expressions for functions appearing in the final results for the bispectrum; D, where we give some details about the dependence of the bispectrum from the angles between wave and gauge vectors in a sample spatial configuration.
Bispectrum of the curvature perturbation in the δN formalism
In the the δN formalism the curvature perturbation ζ( x) at a given time t can be interpreted as a geometrical quantity indicating the fluctuations in the local expansion of the universe; in fact, if N( x, t * , t) is the number of e-foldings of expansion evaluated between times t * and t, where the initial hypersurface is chosen to be flat and the final one is uniform density, we have
The number of e-foldings N( x, t * , t) depends on all the fields and their perturbations on the initial slice. In principle, since the fields are governed by second order differential equations, it should also depend on their first time derivative, but if we assume that slowroll conditions apply, then the time derivatives will not count as independent quantities. In a theory which includes vector fields, spatial isotropy is not expected to be preserved and therefore the power spectrum and the bispectrum can in principle depend both on the length adn direction of the wavevectors k i , rather than just on their moduli
In the next section, we are going to spell out the δN expansion in terms of the fields of our theory; later we will replace it into Eq.(3) and calculate the bispectrum to tree-level.
Specializing to our theory
Our theory includes a scalar field φ playing the role of the inflaton and an SU(2) gauge multiplet A a µ (a=1,2,3) non-minimally coupled to gravity. The metric of an FRW flat spacetime ds 2 = dt 2 − a 2 δ ij dx i dx j is employed and held unperturbed. The action is
where L φ is the scalar field Lagrangian and
(we name g c the gauge coupling). Notice that B a µ are the comoving fields, the physical fields being given by A + ξR, where m 0 is the gauge bosons mass and ξ is a numerical factor; using the slow-roll approximation, the Ricci scalar is R = −6
2 . The quantum fluctuations for the vector fields can be expanded in terms of creation and annihilation operators (this is always correct if we are dealing with free gauge boson, their background equations of motion being of Klein-Gordon type)
where
dη = dt/a(t) is the conformal time and λ labels left, right and longitudinal polarization states.
The perturbation of the number of e-folds on large scales is determined by the perturbations of the fields at the initial time and the complete δN formula then reads
and so on. N is the number of e-foldings between the time t * on the initial hypersurface and the final time η at which the bispectrum of the ζ is being evaluated. A convenient choice, that we will follow for the rest of the paper, is to take η * to be close to the time when a given perturbation mode of wavenumber k crosses out the horizon. The coefficients in Eq.(9) will be calculated in Appendix B. Notice that the e-folding numbers and their derivatives are defined w.r.t. the physical fields, whereas the action (4) is written in terms of the comoving fields B a µ . Plugging the δN expansion into Eq.(3), we get an infinite series of terms. Retaining the tree-level ones (i.e. the terms that are formally equivalent to the product of two power spectra), we are left with
In the previous expansion we have not included terms that would require some kind of coupling between scalar and vector fields, i.e. terms that are proportional to fields are set equal to zero. The reason for this will be explained in details in Appendix A (see discussion after Eq (A.7)); here we anticipate that, with a zero expectation value for the temporal components of the background gauge fields and with some upper bounds on the SU(2) coupling constant of the theory, it is possible to obtain a slow-roll evolution for the A a i fields during inflation. It is useful to notice that the terms in the first four lines of (10) are also present in the Abelian case, while the one in the last line is strictly non-Abelian: it provides a non-zero contribution only thanks to gauge bosons self-interactions.
Power spectrum and the 'Abelian' terms of the bispectrum
It is useful to write the expression for the power spectrum of the curvature perturbation in the presence of a vector multiplet. Let us define
(δA indicating the eigenfunctions for the gauge fields). The power spectrum of ζ can then be written as
and we have factorized the isotropic part of the power spectrum
In Eq. 15 g ab and s ab represent the amplitude of statistical anisotropy, along the preferred directions specified by the vectors N a ≡ N i a and N b . Eq.(18) can also be written in the form
introducing the parameter
Let us now move to the bispectrum. The first three lines of Eq.(10) can be easily evaluated
where we have defined
In the previous equations, T 
with
Notice that if gauge indices are suppressed in Eq. (21) , the Abelian expression is recovered (see [36] ). It is convenient to rewrite the expression in the second line of Eq. (21) as follows
and we define
Similarly, the third line in Eq. (21) becomes
The contribution from the fourth line in Eq.(10) can be calculated using the Schwinger-Keldysh formalism [46, 47, 48] . It is a well-known result tha the sum of this last term and the one from the first line of Eq. (10) is proportional to the slow-roll parameters [28, 29] . It is important to notice that, in models where P ab long = P ab + and P ab − = 0, the coefficients g ab , s ab , p ab and q ab are all equal to zero and therefore both the power spectrum and the Abelian part of the bispectrum of ζ become isotropic. In general P ab − = 0, unless there is some mechanism producing parity violation for A i . The condition P long ab = P ab + is more subtle. It could be realized if the longitudinal and the transverse parts of the vector fields evolved in the same way [36] .
Calculation of the 'non-Abelian' terms of the bispectrum
The last line of Eq.(10) also requires the Schwinger-Keldysh formula
where Θ(t) is a field operator, |Ω represents the vacuum of the interaction theory, T andT are time-ordering and anti-time-ordering operators. All the fields are in the interaction picture, as the subscript I indicates. Our next step will then be to write explicitly the action for the gauge bosons and look at the detailed expression of their interaction Hamiltonian. Using the definition of F a µν , the action for the gauge fields becomes
The interaction Hamiltonian to third order in the gauge field perturbations is thus made up of two contributions coming respectively from the third and fourth order interations in the lagrangian
The correction to the bispectrum (10) due to these interactions has the form
,P R being defined as the product of the eigenfunctions δB R (k, η * ) and δB * R (k, η), and so on forP L andP long . Notice that η is the time at which the three point function for ζ is being evaluated. Also, we dropped the gauge indices inP , since the perturbations have the same time and momentum dependence for the different gauge fields. This last point can be discussed looking at Eq. (A.15) for the perturbations of δB a i : the equations for the free fields (which are the ones we need to compute the power spectrum and the bispectrum) are obtained from (A.15) setting g c = 0, i.e. suppressing the interaction terms, and thus we get the same equation for all the components of the gauge multiplet.
Bispectrum from third-order interactions
Let us begin with the bispectrum contribution from Eq.(37) at the lowest order in the coupling g c
where g ij is the unperturbed background metric. The factor ik
originates from the spatial derivative in the interaction term considered, whereas a 4 come from √ −g together with having moved from cosmic to conformal time dt = adη. In order to write Eq. (39), we used the third order interaction Hamiltonian
The calculation of the tree-level contributions due to the last two vertices in Eq. (40) will not be carried out since they contain the time components δB a 0 , which turn out to be affected by instabilities. In fact, δB 0 is a non-dynamical mode that, for the free-field case, can be expressed in terms of the longitudinal component as follows [31] 
The longitudinal modes of the theory have negative kinetic energy and are therefore considered unstable. In addition to this, their equations of motion suffer from singularities around the horizon crossing time. However, a regular solution was provided in [36] , which we are going to employ when handling these modes (Eq. (58)).
The factor 1/a 3 (η * ) outside the integral accounts for the fact that the action is written in terms of the comoving fields B a i whereas the bispectrum of ζ is written in terms of 9 the bispectrum of the physical fields A a i . In our model,P − = 0 (i.e.P R =P L ), therefore the integrand of Eq.(39) can be written as the sum of products ofP + =P R andP long weighted by products of coefficients T even and T
where where we used the notation T (39) is to sum over all the permutations separately for each one of the eight T αβγ ijk coefficients. Because of the antisymmetric properties of ε abc , the sums provide results of the form ε abc S ab , where S ab is a symmetric tensor. We thus find out that, independently of the results of time integrals (i.e. independently of the particular form of the wavefunctions for transverse and longitudinal modes), the contribution to the bispectrum from thirdorder interactions is zero. Let us then move to considering the quartic interaction.
Bispectrum from fourth-order interactions
The contribution from the quartic interaction is
with x = −kη. (Hx * ) 3 comes from the 1/a 3 (η * ) factor outside the time integral and the 1/H factor comes from having a factor of a inside the time integral, i.e. dηa(η) = − dx/(Hx). This factor originates from the background field appearing inside the integral (the interaction term is quartic and can be developed as a product of three perturbations times a background field), i.e. B a l (η) = a(η)A a l (η), where A is the slowly-rolling physical field (and hence taken out of the integral). Notice that, once again, we are setting A a 0 = 0, so terms proportional to N 0 a do not appear in the formulas. The indices α, β, γ as usual run over the longitudinal and the transverse components. ( dx) αβγ is a shorthand for the integral over the wavefunctions associated with the internal legs times the wavefunctions associated with the external ones. The definition of the symbol K αβγ can be read from the first two lines in Eq. (50) . It is important to sum over all of the permutations, i.e. over all the possible field contractions, which we are going to list below
Let us write the expression of the wavefunctions of the gauge fields. We are going to work in the regime where M 2 = −2H 2 , i.e. we take m 0 ≪ H and ξ = 1/6. This is the situation where the transverse mode of the δ B field is governed by an equation of motion similar to the one of a light scalar field in unperturbed FRW background (see Eq.(A.16)). The solution is very well known and, after matching with the vacuum solution at early times, is given by
where x ≡ −kη. We have dropped the gauge index since the equation of motion is unique for all of the gauge bosons (see Eq.(A.16) and (A.17) and discussion below Eq. (38)).
As to the longitudinal mode, there is an on-going discussion about its instability [36, 37, 39, 40] ; according to some authors [37, 39] , there are two sources of instability: the first one is due to the fact that the equation of motion (A.17) is singular for a given mode k equal to the effective mass of the vector field; the second one arises from the field behaving like a 'ghost', i.e. having a negative energy. In spite of the divergence affecting the linearized equation of motion, the authors of [36] provided two independent exact solutions to (A.17). The initial conditions were formulated after rescaling the vector field with the introduction of δB ≡ (a|M|/k)δB || , which allows for the well-known initial conditions δB = e −ikη / √ 2k at very early times. We are going to use the solution and the initial condition prescription of [36] , so the longitudinal mode function acquires the following form
The terms K αβγ below (permutations are included) then read
where A, B, C and D are functions (to be provided in Appendix C) of x * and of the momenta k i ≡ | k i |, i = 1, 2, 3 and E i is the exponential-integral function. The factors I αβγ are given by
where i → j means 'replacek i withk j ', whereas i ↔ j means 'exchangek i withk j '. The terms that were not included in the list above, i.e. K lEE , K ElE , K Ell , K lEl , are derived from K EEl and K llE by an appropriate exchange of the momentum labels, for example K lEl and K ElE are obtained respectively from K llE and K EEl by permutingk 2 withk 3 , K Ell and K lEE from K llE and K EEl by permutingk 1 withk 3 .
As one can see through Eq. (59) to (66), the resulting bispectrum is made up of isotropic parts that depend only on the moduli of the wavevectors k i and that are modulated by the coefficients I αβγ . These coefficients contain the information about the breaking of rotational invariance, depending on the angles between the wavevectors and the preferred directions N a . Given the fact that the instability of the longitudinal mode of vector perturbations is still considered a controversial issue, a possible alternative to the exact solution provided in [36] is to parametrize the longitudinal mode in terms of the transverse solution as follows
where n is an unknown function of x ≡ −kη. The most relevant contribution to the time integrals in Eq.(50) is due to the region around horizon crossing x * (see for example [29] ), therefore a good approximation when integrating can be to treat n as a constant evaluating it at x = x * . The sum over K αβγ then becomes
The accuracy of this approximation has been tested considering again the solutions given in Eq.(57) and (58), which satisfy the relation δB || = √ 2δB T at horizon crossing. If we set n(x * ) = √ 2 in Eq.(68) and compare each one of the terms in round brackets with the corresponding exact time integrals provided in Eq.(59) through (62), we get a factor of 2 to 5 between the exact time integrals and their approximations for the most part of the (x 2 , x 3 ) range. The particular case n(x * ) = 1, corresponding to logitudinal and transverse modes which evolve in the same way, is worthy of mention: the anisotropic part of Eq.(50) cancels out leaving an isotropic contribution only
The way this result is achieved can be easily seen from the expression of the
where k abc ≡ k ia k jb k kc and k ab ≡ k a · k b (a, b, c = 1, 2, 3 running over the external momenta). Notice that summing over the eight terms in the equations above only leaves δ il δ jp .
Shape of the bispectrum
As we saw in Eq.(50), the bispectrum in the presence of an SU(2) gauge multiplet can be written in terms of isotropic parts, i.e. functions of x * and of the moduli of the external wave vectors k i , weighted by anisotropic coefficients I αβγ which depend on the angles between the (wave and gauge) vectors. One way of studying the profile of the bispectrum is to analyse the isotropic parts separately in order to understand what is the preferred configuration, for example if it resembles the local or the equilateral shapes [52] . Once the answer to that is found, we calculate the anisotropic coefficients in that specific configuration. Let us employ the variables x 2 ≡ k 2 /k 1 and x 3 ≡ k 3 /k 1 as in [52] . Plotting the isotropic part, one can notice that for most of the functions K αβγ /I αβγ , which sum up to provide the bispectrum in (50), the regions with the highest values are around x 2 = 1, x 3 = 0 (see plots in Fig.1 ). The graphs that don't have their maxima in this region, i.e. r llE and r ElE , which peak around x 2 = x 3 = 1, and r lEE , which peaks around x 2 = x 3 = 0.5, show negligible amplitudes w.r.t. the previous graphs. Therefore we can safely state that the bispectrum peaks in the 'local' configuration k 2 ∼ k 1 , k 3 ≪ k 1 . In fact this result can be understood recalling that the contribution to the bispectrum comes from the quartic interaction terms in Eq. (36) , which are local in space, and do not involve gradient terms of the fields.
We can now calculate the anisotropic coefficients in the local configuration. We have the freedom to pick up a coordinate system (x,ŷ,ẑ) withk 1 andk 2 pointing alongẑ and k 3 alongx. In the general case of three differently oriented vectors N a , the coefficients I αβγ depend on a number of angular variables that is bigger than two and, therefore, they are not easy to plot. What we can do is looking at some particular cases with 
where we define R αβγ = k 6 1 (K αβγ /I αβγ ). The Heaviside step functions Θ help restricting the plot domain to the region (x 2 , x 3 ) that is allowed for the triangle k 1 + k 2 + k 3 = 0 (in particular, we set x 3 < x 2 ).We also set x * = 1.
specific orientations of the N a w.r.t one another and to the coordinate frame we built from the wave-vectors. Let us consider the simplest situation with the three vectors N a aligned along a given direction of space with spherical coordinates (θ, φ). It is easy to show that in this situation all of the coefficients I αβγ are equal to zero, so the bispectrum contribution from (50) becomes zero as well. Notice that this does not apply either to the power spectrum or to the Abelian part of the bispectrum, which retain a non-zero anisotropic part (see Eqs. (15) and (30)) when the vectors N a are parallel to each other. There are several other situations that can be taken into account, for example one of the N a being aligned along or perpendicular to one of thek i and the other two generically oriented, two of the N a aligned alongk 1 andk 3 respectively and the third one generically oriented and so on. Our next step is to provide a plot of the bispectrum complete of its isotropic and anisotropic parts in the favoured configuration (in our case the local one). For convenience while plotting, let us normalize the vector N a so that they all have the same length and let us restrict our attention to situations where the total number of angles the I αβγ coefficients depend on does not exceed two. One possibility is for example given by the following case
where, as mentioned above, we are working in the coordinate frame withk 3 =x and k 1 =k 2 =ẑ and we took N A ≡ | N a | for all a = 1, 2, 3. Let us introduce the angle δ between N 1,2 andk 3 . Then from Eq.(50) we have
The functions R αβγ (x 2 , x 3 ) are plotted in Fig.1 for x * = 1 and their analytic expressions are provided in Appendix C. See Appendix D for the expressions of the coefficients I αβγ (θ, δ). A plot of the 'non-Abelian' bispectrum normalized to the ratio (g
3 ) is given in Fig.2 for fixed values of x * , x 2 and x 3 (see Appendix D for its analytic expression).
Calculation of the non-Gaussianity parameter f N L
The non-Gaussianity of a given theory of inflation and cosmological perturbations can be studied by looking at the expression of the non-linearity f N L . This parameter is defined by the ratio of the bispectrum to the square of the isotropic part (as for example given in Eq. (18)) of the power spectrum 
A )] (x * =1,x2=0.9,x3=0.1) . As we can see, the graph dependence from θ is extremely weak; in fact, the dominant contribution from Eq.(D.9) can be written as f (θ, δ) = −140 cos 2 δ.
As we saw in the previous sections, the complete expression for the bispectrum is made up of an 'Abelian' and a 'non-Abelian' parts, which can be read respectively from Eq.(21) and (50) . We are going to rewrite their sum below in a compact expression
Our next step will be to calculate the contributions from the two terms on the right hand side of the previous equation to the f N L parameter and establish a comparison between them. The 'Abelian' part of the bispectrum was given in Eq.(21) as the contribution of three different pieces
where the symbol ∼ = stresses the fact that we are interested in the overall order of magnitude of the quantities above in terms of the parameters of the theory, without worrying about the details of numerical factors of order one. Also, we now indicate the power spectrum of the scalar field perturbation by P . At late times this is proportional to the power spectrum of the gauge fields. This can be seen by looking at the transverse mode function for δB in Eq.(57) and at the longitudinal mode in Eq.(58), which, after taking the limit x → 0, give P + = P and P long = 2P . We shortened N i a by N A , N ij ab by N AA and N i φa by N φA in order to make the expressions simpler, suppressing the gauge and the vector indices. Notice that in the theory we have chosen, no interactions occur between the scalar and the gauge fields, therefore we can set N φA ≃ 0. Similarly, we rewrite the 'non-Abelian' part of the bispectrum in a simplified fashion that leaves out numerical factors and complicated functions of the external momenta
where we now call A the background value of the spatial part of the gauge fields (suppressing all indices). Let us now rewrite the isotropic part of the power spectrum
Before proceeding to the evaluation of f N L , we need to make more assumptions about the scenario we are dealing with, since the derivatives of N are model-dependent. Two possible choices are the vector curvaton model (introduced for the first time in [31] , see also [34] for one of the possible realizations of this paradigm) and vector inflation [33] . The former is the analogue of the (scalar) curvaton mechanism: a vector field plays the role of the curvaton, i.e. a field whose energy density is subdominant during inflation and, after the inflaton has decayed, it is is mainly responsible for the production of the curvature perturbation. In vector inflation, the universe exponential expansion is driven by vector fields, which need to be spatially oriented in such a way as to avoid large scale anisotropies; one possible field configuration is a triplet of orthogonal vector fields, another one consists in a large number of randomly oriented vector fields. In our model we are dealing with a triplet of vector fields, so if we assumed the fields were orthogonally oriented w.r.t one another, vector inflation would be a possible scenario to work in. A third possibility can be to consider a scalar field driven inflation in the presence of the SU(2) gauge multiplet and to assume that the latter is undergoing slowroll and its energy density is subdominant w.r.t. the energy density of the scalar inflaton. This way we keep the vector fields in the game, without imposing any restriction on their orientation in space and, at the same time, we avoid unwanted anisotropies in the power spectrum. We are going to consider both this last possibility, which we dare refer to as 'vector inflation' for simplicity, and the curvaton scenario. In 'vector inflation' N i a is given by Eq.(B.12), from which we get
In the curvaton scenario [17]
where r ≡ (3ρ A )/(3ρ A + 4ρ φ ), ρ A and ρ φ being respectively the energy density of the vector fields and of the inflaton at the time where the vector field(s) decay.
We are now ready to evaluate f N L as the sum of three contributions corresponding to B 
Numerical coefficients of order one were not reported in the previous equations. m is a quantity with the dimensions of a mass and proportional to the Planck mass in the case of vector inflation and to A tot / √ r (where we define A tot = b | A b | 2 from Eq.(84)) in the vector curvaton model. We summarize our results for the two models in Table 1 , where we used the expressions
The background values A and A tot together with ǫ φ and H are all meant at time x = x * . Table 1 .
The ratios between the non-Abelian and the Abelian parts of the
A H in vector inflation and
for the vector curvaton. When estimating the order of magnitude of f N L as calculated above, it is important to remember that our results in Eqs. (86) through (90) and in Table 1 have been derived neglecting all vector and gauge indices. Also, these expressions involve the background value of the slowly-rolling fields A a i in a multifield space and so f N L depends on the whole specific background configuration. In this respect, different possibilities can be considered and it turns out that, depending on the chosen configuration, the non-Abelian contributions to f N L can subdominant or dominant w.r.t. the Abelian ones. Notice that the ratios g c A/H = (g c A/m 0 ) (m 0 /H) for the different gauge fields are bounded from above, as shown in Eqs. (A.9) through (A.11). There is a very large region of the parameter space of the background gauge field configurations for which this upper bound is much larger than one and, therefore, it does not prevent f 
respectively for vector inflation and the vector curvaton model. The ratio m P /H is of order 10 9 and A/H could be much bigger than one as well, so in principle f N A N L can be much larger than one in both models. Equivalently, from Table 1 
Overview and conclusions
We have considered a triplet of SU(2) vector bosons non-minimally coupled to gravity, Eq. (4), in order to have M 2 ≃ −2H 2 . Using the δN and the Schwinger-Keldysh formalisms we have computed the contributions to the curvature perturbation three-point 20 correlation function arising from the gauge fields self-interactions. These interactions are of two kinds, third-order interactions (proportional to one power of the SU(2) coupling g c ) and fourth-order ones (proportional to g 2 c ). The former provide a vanishing contribution to the bispectrum because of the antisymmetric properties of the Levi-Civita tensor appearing in the Lagrangian, the result being independent of the particular form of the wave functions appearing in the gauge bosons operator expansions. The quartic interactions produce instead a non-zero contribution, Eq.(50). This result is anisotropic if the wavefunctions of the transverse and longitudinal modes of the vector fields are different from each other, which seems to be the case by looking at their equations of motion, Eqs. (A.16) and (A.17).
The ongoing debate about the instability of the longitudinal mode sheds some doubts about the true physical meaning of the mode. Our analysis, in this respect, is pretty general, being mainly focused on studying the non-Gaussianity effects in nonAbelian theories. In addition to that, we tried to also use a more general approach when dealing with longitudinal modes, with a parametrization of the wavefunctions in terms of the transverse mode and of an unknown function n(x), Eq.(68), which, to a first approximation, can be set equal to a constant near horizon crossing, n(x) = n(x * ). A particular case of this parametrization occurs when the longitudinal and transverse modefunctions coincide, which offers an interesting result, i.e. the isotropization of the full bispectrum, both the 'non-Abelian' and the 'Abelian' parts, Eq. (69) and (21), respectively. We are aware that the particular Lagrangian we used represents only one possible model of primordial vector fields. Other theories have been proposed, which do not present any kind of instability (see for example, [55, 36, 35, 56] ).
In the case of an anisotropic bispectrum we showed that it can be written in terms of isotropic parts, i.e. functions of the moduli of the external wave vectors k i , modulated by anisotropic coefficients I αβγ which depend on the angles between the (wave and gauge) vectors. We studied the shape of the 'isotropic parts' of the bispectrum, Eq. (50) and Eq.(59) through (62), which turned out to peak in the local momenta configuration (see plots in Fig.1 ). Using this finding, we analysed the 'anisotropic' part, Eq. (63) through (66) for different spacial configurations of the gauge vectors. A limiting case is represented by the three components of the SU(2) gauge group being all aligned with one another: because of the presence of the Levi-Civita tensors and with simple symmetry consideration, the contribution from (50) to the bispectrum in this case is proven to be zero. This result could be interpreted as the Abelian limit of our theory, since the three components of the SU(2) multiplet are all identifiable with a unique spatial direction. Another example of vector fields configuration was provided in Eqs.(70)-(71). For this particular case, a complete plot of the bispectrum was given in Fig.2 for the local configuration. It contains the information about the anisotropy of the bispectrum, showing how its amplitude is modulated according to the angles between the wavevectors k i and the preferred directions induced by the vector fields.
Finally we have calculated the parameter f N L , estimating the level of nonGaussianity. We analyzed the different contributions to f N L , i.e. the 'Abelian', Eqs. (86) and (87), and the 'non-Abelian' ones, Eq.(88). We compared them both for vector inflation and for the vector curvaton models and for different background configurations. It turns out that one contribution can be dominant w.r.t. the other or viceversa, depending on the given background configuration, Eqs. (89) and (90). Focusing on the order of magnitude of the 'non-Abelian' contribution, we noticed that it can be much bigger than one, for a large region of parameter space, Eq.(91).
In a forthcoming paper [54] , we will study the trispectrum of the curvature perturbation in the same vector fields populated model, calculate its magnitude and shapes and and investigate the relationship between the f N L and τ N L parameters of the theory.
Appendix A. Background and first order perturbation equations for the gauge fields
The equations of motion for the gauge fields have been completely derived for the U(1) case in [31] . We are going to carry out a similar calculation for the SU(2) case
µ . The ν = 0 component of the equations of motion is
where B a µ = B a µ ( x, t). Let us now move to the spatial (ν = i) part of (A.1)
If we contract Eq.(A.1) with ∂ ν , we get the integrability condition
which reduces to Eq. (7) of [31] in the Abelian case. Combining Eq.(A.4) with Eq.(A.2) we get
Plugging this into Eq.(A.3) we geẗ
Let us consider the background part of the vector fields, i.e.
Before proceeding with the derivation of the equations of motion for the background and the field perturbations, it is necessary to make some comments on Eqs. (A.6) and (A.7). One approximation that we have been using in this paper is allowing the A a i fields to undergo slow-roll during inflation. One possible way to achieve this is by restricting the parameter space of the background gauge fields through the request that their temporal components should be much smaller than the spatial ones, B 11) are satisfied. In the equations above, we defined A a ≡ | A a | and cos θ ab ≡Â a ·Â b , a and b running over the gauge indices. The quantities appearing on the right-hand sides of Eqs.(A.9) through (A.11) can be either large or small w.r.t. one, depending on the specific background configuration, i.e. on the moduli of the gauge fields and the angles θ ab . Suppose now the conditions described above are all met, then from Eq (A.6), in terms of the comoving fields, we havë
Let us now derive the equations for the perturbations. Eq.(A.2) becomes
Eq.(A.1) for the field perturbations gives When calculating n − point functions for the gauge bosons, the eigenfunctions we need are provided by free-field solutions, i.e. by solutions of Eq.(A.15) with g c being set to zero. This is exactly the Abelian limit, in fact in this case Eq.(A.15) corresponds to (18) of [31] and can be decomposed into a transverse and a longitudinal part where the time derivatives are intended w.r.t. cosmic time.
Appendix B. Calculation of the number of e-foldings of single-(scalar)field driven inflation in the presence of a vector multiplet
Let us consider the complete Lagrangian of our theory as in Eq.(4). Let us assume that the SU(2) gauge multiplet undergoes slow-roll as well as the scalar field but the latter provides the dominant part of the energy density of the universe. This last hypothesis is necessary in order to produce isotropic inflation (i.e. in order for the anisotropy in the expansion that the vector fields introduce to be negligible w.r.t. the isotropic contribution from the scalar field). The expression of the number of e-foldings is N = N scalar + N vector = N scalar + 1 4m 2 P a=1,2,3
The previous expression can be easily derived from the equations of motion of the system neglecting terms that are proportional to the SU(2) coupling constant g c and assuming slow-roll conditions for both the scalar the gauge fields. The starting point is represented by Einstein equations
where we split the energy density into a scalar and a vector contribution. In slow-roll approximation, ρ scalar ∼ V (φ). Let us calculate ρ vector . The energy momentum tensor for the gauge bosons where the derivatives are as usual calculated at the initial time η * . The upper limits in integrals such as the ones in Eq.(B.11) depend on the chosen path in field space and so they also depend on the initial field configuration. It is important to notice though, as also stated in [53] , that if the final time is chosen to be approaching (or later than) the end of inflation, the fields are supposed to have reached their equilibrium values and so N becomes independent of the field values at the final time t. Eq.(B.12) is thus recovered.
